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B \What we are going to speak about?
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B optimal measurements

B ultimate bounds to precision



Quantum estimation, sensing and metroloay

B Motivations (fundamental and applicative) +
basic Ldeas about estimation

Bl Classical estimation theory

Bl uuantum estimation theory and the Cramer-Rao
bound to precision Ln quantum metrology

Bl Exawples of applications

B cuantum sensing and wetrolog Y for more than
owe paraveter and bcgowd the Cramer-~Rao bound



B Measurement and estimation




Bl Measurement and estimation

DO WE MLEASUYE phgsioaL quantities?



Bl Measurement and estimation

Ov perhaps we are mostly estimating them?



B Measurement and estimation




B Quantum Probing




Estimation Theory

(forget the gquantum for a while)



Bl Measurement and estimation

B divect measwrencents

u ndirect measurements

d—) influence on a different quantity

S)\ W ' X X:(ml,mg,...)

B choice of the measurement p(fE ‘ )\)

B choice of the estimator X /): T f (X)



Bl Measurement and estimation

B alobal estimation theory
(Whew you have no a priort tnformation)
Look for a measurement which is optimal in average
(over the possible values of the parameter)

B local estimation theory
(Whew you have some a priovt information)
look for a measurement which s optimal for a
specific value of the parameter (—> ultimate bounds)



I local estimation theory: Cramer - Rao bouwnd

B variance of unbiased estimators

s

Var [)\] >

B M ->number of measurements

B F -> Fisher Information

FO) = [dzp(a|

1
MF()\)

O log p(x|A)




I local estimation theory: Cramer - Rao bouwnd

The proof of the Cramer-Rao Bound is Ortained By OBserving that aiven two
functions fi(z) and f3(2) the averace

(1 fa) = /da:ml» f1(z) fa(z)

defines a scalar product. Lpon chosing fi(z) = A(z) — A and fa(z) = Oy Inp(z|)) we have

| f1][? = Var(X)
| f2l[* = F(X)
<f13f2> =1

xi, T3, ..., ) INdependent we have p(z1,x,...,xp|A) = ]_[2/1:1 log p(zi|A\) and, In tum,

FM()\) _ /dZL‘ld:L‘M p($1,$2, ,$M|)\) [c’),\ lnp(:cl,:cg, ,$M|/\)]2

= M [dz p(z|)\) [0)Inp(z|\)]* = MF()\).



i Ooptimal estimation scheme (classieal)

S, \N = ' X  x=(r1,x0,...)

o X A= f(x)
Vary[A] > ME(ON)

L OptimaL measurement -> maximum Flsher
(no recipes on how to finad it)

B Optimal estimator -> saturation of CR Lnequality
(e.0. Ba gesiaw or MaxLLk asy mptoticaLLa)



RuUuantum
Estimation Theory



B Quantum estimation
® \what about time and temperature tn quantum mechanics?

® 1he "resources” involved in gquantum-enahnced technology
are entanglement, wnownloca Litg, entropy, interferometric
phase-shift, ete.. n general they are not observable quantities
Ln strict sense (do not correspond to a selfadjoint operator)

@ No correspondence principle

® No uncertainty relations



B Quantum estimation
® \what about time and temperature tn quantum mechanics?

® 1he "resources” involved in gquantum-enahnced technology
are entanglement, wnownloca Litg, entropy, interferometric
phase-shift, ete.. n general they are not observable quantities
Ln strict sense (do not correspond to a selfadjoint operator)

ruUuantum
estimation
th eory



Bl uantum estimation

= (Z1,%2,...)

B optimal measurements

B ultimate bounds to precision



Bl uantum estimation

= (21,22, - -)

B Probability density p(:}j‘)\) — 'IT [QA Ha:]



B Let's go quantum (Local) (1)

Q W ' {Hx}a:EX

= (x1,Zo,...)

] probabLLLtg olewsitg p(gj‘)\) — Iy [QA Ha:]

B sywmw. log. derivative (SLD) Lyox +oxLx _ Ooa

2 O\

selfadjoint, zero mean. Tt [py Ly] =0

Re (Tr [oAI1, Ly])*

B Fisher information F()\) = / dx
( ) TT[QAH:B]



B Lct's go quantum (local) (2)

2

F(/\) < /diE H[QAH$LA] 'PﬂVﬂV\ACt&V
- \/Tr (0211 | independent POVM

| [ vEVIE 2
—/d Tr W fL,\\ﬁ

Helstrom 1976
Braunstein § caves 1994

< /dx Tr [I1, Ly oxL]

= Tr[LxoaLx] = Tr[orL5]

@ Fisher ve uantum Fisher

F()\) < H()\) — TI‘[Q)‘LK] — Ti‘[a)\QAL)\]

® 1
ulttmeate bound on preciston. Var(\) >
P ar(A) 2 MH)




B Optimal estimation scheme (quantum, Local)

Q W ' {HSU}:L'EX

= (%1, %2,...)

[ ] OptimaL measurement -> Fisher = quantum Flsher

It Ls projective! The spectral measure of the SLD

B Optimal estimator -> saturation of CR Lnequality
(classical postprocessing, e.g9. Bayesian or MaxLix)

X — A= f(x)



B ceneral formulas (basis indepedent)

Lyox +oxLx _ OJox

Q)\’\/*—). 2 )

Lyapunov equatiow

@ sywmmetric logarithwmic derivative

Ly=2 / dt exp{—oxt} Dx0x exp{—oxt}
0

@® uuantum Fisher Information

H(\) = 2/ dt Tr [Or0x exp{—oat} Orox exp{—oxrt}]
0



B ceneral formulas

O FamlLH of gquantum states Q)\ W .
0x =D 0nlton)(¥n

® sywmwmetric logarithmic derivative

L= 30 220, wyl +2 3 2R 30) ) (W

p n#Em Om

® Ruuantum Flsher lwformatiow

8)\91) Qn_Qm)2 2
HN) =) -9 O,




B ceneral formulas

® Fawmily of quantum states 0

> D
O\ = Z Qn‘wnan‘

® sywmwmetric logarithmic derivative

8 n - gm s
L= = 2 lp) (Wl +2 30 " (mlOxbn) [om) (i

p 9p
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® Ruuantum Flsher lwformatiow
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Examples



Bl other applications (madamina il catalogo e’ questo)

Ruantum !wter(:erome’crg

Estimation of Gaussiaw states and operations
Ccoupling constants (e.g. nonlinear tnteractions)
wave function of finite-dimensional systems
Estimation of entanglement (and discord)
Estimation tn quantum critical systems

@ /\ssessing quantum probes for complex systems

® Assessing quantum resources L metrology
® Assessiing local vs global measurements
® Assessing eritieality as a resource tn metrology
® Probing quantum phase transitions
Probing Hamliltonian terms

New physics at gravity/@M interface



Bl Estimation of entanglement (@INRIM)
9g) = cos o|HH) + sin ¢p|V'V)

X va 0 4\ Dy = cos® g|HH)(HH| + sin? ¢|VV I (V V]
= N 0 = PlYg) (Yol + (1 — p) Dy

WP2 o A
f+m v iR g

e 18 € = psin 2¢

optimaL estimation ba vLsibLLL’cg measurements

Fisher tnformation is

, <€>
mownotone with entanglement
, , , 1.0
Estimation of entanglement s
V4 I 4 I'd On5
inherently ineffictent ,
€
0.1 03 0.5/ 07 09
-0.5]
- -1.0!

Experimental Estimation of Entanglement at the Quantum Limit

Giorgio Brida,' Ivo Pietro Degiovanni,” Angela Florio,'* Marco Genovese,’ Paolo Giorda," Alice Meda,
Matteo G. A. Paris,”” and Alexander Shurupov™'’



Bl uantum probes for complex systems

Ruantum thermomctrg
Spectral characterisation

s S




Bl uantum probes for complex systems

Quantum probes for the cutoff frequency of Ohmic environments

Claudia Benedetti,' Fahimeh Salari Sehdaran,? Mohammad H. Zandi,? and Matteo G. A. Paris'
! Quantum Technology Lab, Physics Department, Universita degli Studi di Milano, Milano, Italy
2Faculty of Physics, Shahid Bahonar University of Kerman, Kerman, Iran PRA 97 ! 012126 (20 1 8)

Quantum thermometry by single-qubit dephasing

Sholeh Razavian,' Claudia Benedetti,” Matteo Bina,”> Yahya Akbari-Kourbolagh,? and Matteo G. A. Paris>*

! Faculty of Physics, Azarbaijan Shahid Madani University, Tabriz, Iran
?Quantum Technology Lab, Dipartimento di Fisica, Universita degli Studi di Milano, 1-20133 Milano, Italy

3Faculty of Physics, Azarbaijan Shahid Madani University, Tabriz, Iran
‘INFN, Sezione di Milano, 1-20133 Milano, Italy Eur. Phys. J. Plus 134, 284 (2019)
Quantum metrology out of equilibrium

Sholeh Razavian'+?, Matteo G. A. Paris' Physica A 525, 825 (2019)

L QCSE School, Villa del Grumello, 1-22100, Como, ltaly
2 Faculty of Physics, Azarbaijan Shahid Madani University, Tabriz, Iran
3 Quantum Technology Lab, Dipartimento di Fisica 'Aldo Pontremoli’, Universita degli Studi di Milano, I-20133 Milano, Italy

Universal Quantum Magnetometry with Spin States at Equilibrium

Filippo Troiani"" and Matteo G. A. Paris™"
'Centro $3, CNR-Istituto di Nanoscienze, 1-41125 Modena, Italy
2Quamum Technology Lab, Dipartimento di Fisica dell’Universita degli Studi di Milano, 1-20133 Milano, Italy

SINFN, Sezione di Milano, 1-20133 Milano, Italy
PRL 120, 260503 (2018)

® (Received 2 November 2017; published 29 June 2018)



Bl uantum probes for complex systems

Continuous-variable quantum probes for structured environments

Matteo Bina,'*" Federico Grasselli,' and Matteo G. A. Paris'?
' Quantum Technology Lab, Dipartimento di Fisica, Universita degli Studi di Milano, 1-20133 Milano, Italy
2Institut fiir Theoretische Physik 11, Heinrich-Heine-Universitdt Diisseldorf, D-40225 Diisseldorf, Germany

3INFN, Sezione di Milano, 1-20133 Milano, Italy PRA 97.012125 (2018)

The walker speaks its graph: global and

nearly-local probing of the tunnelling

amplitude in continuous-time quantum

walks J. Phys. A: Math. Theor. 52 (2019) 10530

Luigi Seveso’, Claudia Benedetti® and Matteo G A Paris

Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli,
Universita degli Studi di Milano, I-20133 Milano, Italy

The quantum walker probes her coin parameter

Shivani Singh* and C. M. Chandrashekar'
The Institute of Mathematical Sciences, C. I. T, campus, Taramani, Chennai, 600113, India and
Homi Bhabha National Institute, Training School Complez, Anushakti Nagar, Mumbai 400094, India

Matteo G. A. Paris! PRA 99,052117 (2019)

Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli,
Universita degli Studi di Milano, I-20138 Milano, Italia



B uantum probes for universal gravity corvections

The existence Of a3 minimMum lenath and generalized uncertainty
principle (GUP), influence all Quantumm -Hamiltonians

Das et al PRL 101, 221301 (2008)

H=H,+ H, + O(B%

9)
p e I
— 20 V(l") Hl — pg
m m

B = Bo/(Mpic)* = €5,/2h*

H,




B uantum probes for universal gravity corvections

the laraest values of QF| are ortained with a Quantum proee susject to a harmonic
potenttial and Initially prepared In a superposition Of perturred eneray elagenstates

log F,

QF| is superadditive with the dimenssion of -the
system, which therefore represents a metroloaical
resource. The aain IN precision is NoOt due to the
appearance of entanalement of the state rut rather B AL
to the increasinag Numeer Of superposed states | /
aenerated Ry the perturration

/ log (Energy)

—30

—50 —40

Harmonic Oscillator

—150F

PHYSICAL REVIEW D 102, 056012 (2020)

Quantum probes for universal gravity corrections

Alessandro Candeloro ,]’* Cristian Degli Esposti Boschi ,2 and Matteo G. A. Paris®'>"

'Ouantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli,
Universita degli Studi di Milano, I—20133 Milano, Italy
2CNR—IMM, Sezione di Bologna, Via Gobetti 101, —40129 Bologna, Italy
3INFN-Sezione di Milano, 1-20133 Milano, Italy



More than one parameter



B The muttipammetrio case




H sy mwmeetrie and non-sy mwmeetrie LD
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H sy mmeetrie and non-sy mmeetrie bounds

FlzWly Cam) 65 (k ) TR W]
Tr[ ZN] 7/ G0 w) -
00 - WEP«M"’ w] +H FTMJ"'\FH

Netther the SLD nor the RLD bouwd are in general achieva bLe.

The SLD could wot be achievable because it corresponds to the bound
obtained by weasuring optimally and simultaneously each single
parameter, and this ts not possible whew the optimal measurements do not
commute.

The RLD bound could wnot be achievable because the optimaL estimator does
not alwa Ys correspond to a proper quantum measurement (that Ls, a proper
positive operator valued measure).



B The Holevo bouwnd and how wnot to deal with Lt




Beyond the Cramer-Rao bound



B ®ack topremises D (LE | )\)

The classical CR holds under the assump’ciow:

B The sample space is independent on
the parameter to be estimated

To obtain RCR we added another assumptlowz

The measurement POVM Ls Lwalepcwolewt ON

- the parameter to be estimated



o Parameter-oependent measurements: nwo Cramer-Rao

1T [Q)\Ha:L)\]




o Parameter-dependent measurements

dr my(x) I\ (x) =

Para metcr—olepewolewt sample space
(possLch also L classieal

stimati L
estimation problem) Parameter-dependent POVM

(an cwtirel,g novel quantum
degree of freedom)




B New bound for parameter dependent POVMs

- gravimetry with a quantum wmechawnteal oscillator

H = p*/2m + kz*/2 + migx

- prepare the oscillator in a coherent state
H(g) = 8m/w’sin® wt /2

Fq_[ (g) — 2m/w3 measurement of Energy
(Hamtltontan)

L Seveso, MAC Rossi, MGA Paris, Phys. Rev. A 95, 012111 (2017)



Bl New bound for parameter dependent POVMs

_ y tr(ITx(2)0apa)]? | [tr(ONILx(z)pA)]?
Fx() = / : { tr(Ma(@)pn)  tr(I(2)pn)
2 tr (I (x)Oapy) tr(OAILx (7)) }

tr(IL\(z)px)

: 12

Fx(N) < |VHQ) + v/ Hx (N

(projective POVMS)

A (\) = 4 / Az (95| pa |9
Achtevable ?

what about optimal
measurement?

L Seveso, MAC Rossi, MGA Paris, Phys. Rev. A 95, 012111 (2017)



B New bound for parameter dependent POVMs

5 the new bound




B suwmma YB/ conclustons

Ruantum estimation theory Ls a relevant tool to design and assess
gquantum enhanced measurements (estimeation schemwes)

The single parameter RCR provides the ultimate gquantum Limit to
precision. More precisely, it bounds precision of schemes exploiting
quantummness of probes.

Ruantum-based measurements may be further improved by
explotting detector dependence on the parameter of tnterest and thus
the quantumness of detectors, t.e. quantum-enhanceo
measurements may be wmore precise thawn previously thought.

Current research Ls about joint estimation of more thaw one
parameter, e.9. stgnal and wolse to realize self calibrating
esttmation schemes.
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